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FEATURE SELECTION

“ The goals:
> Select the “optimum” number | of features
> Select the “best” | features

% Large | has a three-fold disadvantage:
» High computational demands
» Low generalization performance
» Poor error estimates



> Given N
| must be large enough to learn
— what makes classes different
— what makes patterns in the same class similar

« | must be small enough not to learn what makes
patterns of the same class different

e In practice, 1<N/3 has been reported to be a sensible
choice for a number of cases

LAt o S E QUSSR C AL S L SR O B
» Once | has been decided, choose the | most informative
features

o Best: Large between class distance,
Small within class variance
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Bad choice
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« The basic philosophy ..J«x 59 [, -
»> Discard individual features with poor information content

» The remaining information rich features are examined
jointly as vectors T Y

J L :(5/&7/%&/;4 (ﬁ/d@/ng}ed“/ O 941

 Feature Selection based on statistical Hypothesis Testing

> The Goal: For each individual feature, find whether the
values, which the feature takes for the different classes,
differ significantly. v

hY4

That is, answer oy %,
e H,: 6,=6,: The values differ significantly
e H,: 6,=6,: The values do not differ significantly

If they do not differ significantly reject feature from
subsequent stages.

% Hypothesis Testing Basics




G N SR b 21 T
Y P ) U s &:))J)J-\/L(O)))7 _(/‘“’Q/d“/i”r:V(.OJ(/;),\,N:_,./lUM/Uf-/U"/)(J,I )

§ i
s It EJ
MOW m%ow)u"t/(ﬁw/%ﬂ A,JJ"/"'O/‘F-

2,
‘*n)bdﬂg‘jvzw Wy, —_.u,f‘ waﬁw//u’}wv){ac{ {)w\ nt,/./l,:x,'ul(;;/..;u@ -

=
M S~ J}‘/‘l/\ﬂ-o)'a—’:—/(/{/ M‘jﬂ/_p /&‘(?/u)’)(&d/f

- * @/ =
Alfernadive /7///907‘}”“ H,: «tub/«’(vf 0 lps St
Nv // /7///07%,@0'& o w,&, v 2 -~ e
v > U e =, 01,. E z b . .- 5 I
N/Y;:%‘lﬁ!)rfiv)&/) A p‘/w‘)’w/w(g.%‘j’/'/&ff(f}u%)@u}wAL/‘Q):,()Q(I/

0 [ - ~
/ = o " - 4 ’
2 50Uy frlf SE e

10



FOUAg U
C“*”‘f’wﬂ““ Sy
A.A(/u-'(, /)cu‘k’cﬂ-v)j’\j‘j"’/é

Hj" ‘9‘7&‘2
H039=@’

i (R C;/'N:b K@w};&yﬂ/w,;/ SRy Sor skl AV, LS :’Mj"()’»
e s ) o
CM//VQ;;/J‘vU"JJU)o % ‘{, = hxm‘r, 0 Hoy) Pt A fG gy

fest ﬁa'/l S‘// o5 £ "/‘”
Fc} Or)(g) Qﬁ/ﬁm&j‘)ﬂ o F’""

(9 56) 6,037 Hy o O SO T, fv"mu/,,o D acaplanct nforyel
WV S5 ) AP o aAD gl 5 cribad

JIMOJ)GDC/Q))/}UQJ///

6-7/}{03'/7’ 9 U‘é}’

11



2 @p{w@&/

2 7 ) CJ Qy\dv)/_"“. ,\/"L‘:/,) 9 A/o Atfdﬁ,w /
Pk C},@[S\ HO) :/
- G2
O O /QC}KQ(\ Ho\ (//rw/

—
5/'ﬂm"%/'canc( (evel :/ 4——\-0:
SR

12



: T;L(,Jc,/,é ZJe

;,/Mw,sr'/,ofigfrb-,f/o‘,‘if,’o ST o 50 wr 32 Vg M J)wﬂ,} , N&gup,p
| [fx7=/uffw—,u)1 -6y RO i
-2 L ATy o
15 ow(wmfx NPl G0 g TS
iy EE (%] =//’//* i = Vils
ST T u*“‘f‘ ) Unbiased — s UJ_,,, 7
Ef(?;p)’\-f[;ix) : :—-fof% U
n Ez:w My /4)]
J)VTU")"' T 6"- :’v ML) W'%f/vff/b
\'{‘y\l-)k)(’)(')'ﬂ)]=° f@u«f*"“/‘ S

13



z

A 5 4 O
~ PR T e T e N
Yoelilgp  TEIOITR A
/5/0:5/)(7;/{,2 s
7 S rf/‘@ﬂbé&a/w@d/“’w
A <4
(A4
i O o o e e
:C«wltf)épl'»{‘) (%’»w)/x(}\ﬂj) Hy -5 X UW/GM@W&C
i) Pppendix A
p)L e

X Yr=¢

"
@ NWG/N)

CPOL{J!(,/L J/)/‘/Q)-/fv(ﬁ JM 0 ffy'}(/])({j 0/6‘ g /7\:"__2))@!&_10///
e B -l ) e O 3
R \O.g B9 D T ( Loty lp ) gy

% \MM (a0 164

14



4 ) i ) S . 0
AR N T IR RN ) A Y ¢ - e

Uiy gl e
PR s ORI 8 SR (Dl B ot i v

7 > "{’/)/(f'
) / - S n e - , -
V&‘W/ {ETT Vf(‘f It Hy c~CqeD Hs

A ~ @ L . , = =
Pl Conprpioh poaid 5 R0 |t s e x i, o

)T i = 1,96F > A (Pl (=
ES )
TR e Pmb{'\'qwf&" LNy =
NN
\\”(D-—\‘c —o/s O LA €D
TR R e
o;‘f/ O/OCDVO _
g At H,
-2

15



» The steps:

« N measurements x,i=12..., N
are known

e Define a function of them

6= SR e LML T el ot s TiE

so that |p,(q;0)  is easily parameterized in
terms of 6.

e Let D be an interval, where q has a high
probability to lie under Hy, i.e., p,(qi6,)

e Let D be the complement of D
D > Acceptance Interval

D > Critical Interval

o If g, resulting from X, X,,..., Xy,
lies in D we accept H,, otherwise we reject it.

16



» Probability of an error
p,(q€D|H,) =p

p(q|H,) !

.
<
UH [

>

* p is preselected and it is known as the significance
level.

17



 Application: The known variance case:

> Let x be a random variable and the experimental
samples, x. =1,2,..., N, are assumed mutually
independent. Also let

E[x]=u
E[(x—u)*]=0"

» Compute the sample mean
S
N2
> This is also a random variable with mean value
po- 1 N
E[x]= ﬁz E[x;]=u
i=1

That is, it is an Unbiased Estimator

18



> The variance o-)_(2
EI(x— )1 = LG D% — o)

= S Bl )+ 2SI (% — )]

Due to independence

2 1 2
U)—( ZNGX

That is, it is Asymptotically Efficient

» Hypothesis test
H,: E[x]= z
H, . E[X]: 2

> Test Statistic: Define the variable

N

X—fl

qza/m

19




» Central limit theorem under H,
p (9 = IN_gxpl N
X \/EO- 202
» Thus, under H,

s dig i,
p,(q) = mexr{ 2] q~N(01])

20



» The decision steps
e Compute g from x;, i=1,2,...,N
e Choose significance level p
e Compute from N(0,1) tables D=[-x, x ]
’/ﬁ-\x — 1.
I_f’f ’/’f’ﬂ‘*ﬂ_. 1 ,0

£
F

=4
—
——,

_,mflﬂn —

e if qeD acceptH,

P

if qeD rejectH,

A random variable x has variance
0°=(0.23)2. N=16 measurements are obtained giving
x=135. The significance level is p=0.05.

Test the hypothesis
H,:pu=4=14

H tu# i 21



> Since 02 is known, g =

intervals [-x,, x,] for normal N(0,1)

N

X— U
old

IS N(0,1).

From tables, we obtain the values with acceptance

08 ] 085 | 0.9 |0.95]|098|0.99 |0.998 | 0.999
128] 1.44 | 164 | 196|232 257 | 3.09 | 3.2
> Thus
Probd —1.967< ~—* 19672095
0.23/4

or

Prob{-0.113< x— 2 < 0.113}=0.95

or

Prob{l.237 < f1 <1.463}=0.95

22



> Since 4 =1.4 lies within the above acceptance
interval, we accept H,, i.e.,

u=pn=14

The interval [1.237, 1.463] is also known as
confidence interval at the 1-p=0.95 level.

We say that: There is no evidence at the 5% level
that the mean value is not equal to z

23
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»» The Unknown Variance Case

> Estimate the variance. The estimate -

N = IRy e
)&2:1Z(Xi_x)2 Al . 18 e
N 14 A |

Eﬂ"f‘;(”

N =)

is unbiased, i.e., N T e i)

E[6°]=0" el e <
e S @t

El(x; - % -p)] =

:;T E((M;—/A)((v(,-)*)w»---+('>‘N'/“))]

6150

N
"z: /\/ N ) \f CY

e e =

Afy e

s,

bl ow
24



> This is no longer Gaussian. If x is Gaussian, then
q follows a t-distribution, with N-1 degrees of

——————

freedom ol i Vi ,
L O ) Q’_—o/\'i“{,/,ogdc)w : 5.209w

IV IRY 1ol o5 DS ()

ﬁ:o/o\)w__y )_/:ofc\VC)
» An example:

X 1S Gaussian, N =16, obtained from measuremers,

x =1.35and &2 = (0.23)2. Test the hypothesis
H,: u=4=14
at the significance level p =0.025.

25



€ QW Gl 0,08.957
» Table of acceptance intervals for t-distribution

Degrees
of 1-p 0.9 0.95 0.975 0.99
Freedom i
12 1.78 2.18 2.56 3.05
13 1.77 2.16 2.53 3.01
14 1.76 2.15 2.51 2.98
(15! 1.75 2.13 |2.49) 2.95
16 1.75 2.12 2.47 2.92
17 1.74 2.11 2.46 2.90
(18| 1.73 2.10] 2.44 2.88
> Prob{_2.49< LIS 2.49} T T ey
614 v A
1.207 < /1 <1.493 gt i

T
Thus, £ =1.4isaccepted / /,&;m‘ 26



- - - . = h-JLSﬂ"" € == "
% Application in Feature Selection ;PR 6

. Bl . L -y i %
3/(\?(:_’/—/"—'—-/“0,\# ~udoAJ( d)f 0/\/0})) Z/);bfld

» The goal here is to test against zero the
difference u,-u, of the respective means in
w,, m, Of a single feature.

Efx]=p »Letxi=1,...,N, the values of a feature in w,
Ey/-pr > Lety;i=1,...,N, the values of the same feature in
©, =
2

> Assume in both classes L =0, A g | A leasy
> The test becomes ' 0/
Ho: Ap=p— 1, =

k
(unknown or not)
\ p - X
r

/Hy o Ap#0 I

27



> Define
Z=X-y

> Obviously
Elz]=p-1

» Define the average
o 10 W
Z:_Z(Xi_Yi):X_y
N =2

» Known Variance Case: Define : )jﬂ'uj‘ L

g KV~ i)
2
7/e 5y 5/@//}7465 S N

— —
:/\/"IU/L,I",

> This is N(0,1) and one follows the procedure as before.
ik 28



» Unknown Variance Case: - £
;M (=) el
Define the test statistic T o i

(X—y)— (14— 14,)
2

S I—
N

(Z(x—x) +Z(y. Y- 1(&6r)

q:

S, =
2N -2

. q is t-distribution with 2N-2 degrees of freedom, .

e — —
—_— —_—

e Then apply appropriate tables as before.
N ”'))Z/’\:u/vof_“d%;bJ ?;jwi&ﬂ? it
The values of a feature in two classes are:
w,;: 35/3.7,39,4.1,34,35,4.1,3.8,3.6,3.7

W5 32363134303428313336

3 wl(fw,)LSMM J's o/w zg Pope @ (S B—C %Uu;o,
Test if the mean values in the two classes differ
significantly, at the significance level p=0.05 &




> We have
— w,: x=3.73, 62 =0.0601
> w,: y=3.25 62=0.0672
For\ Nle(

- TS

— (O-l +02) :]\j(o/o%)—r a/e7\/r) = °/07V7@

= (x y)@

S

lO

g=4.25

» From the table of the t-distribution with 2N-2=18

. degrees of freedom and p=0.05, we obtain
Or'¢ D=[-2.10,2.10] and since q=4.25 is outside D, H, is
accepted and the feature is selected. 30



% Class Separability Measures W%{f@/\?‘s@’% o

The emphasis so far was on individually considered features.
However, such an approach cannot take into account existing
correlations among the features. That is, two features may be
rich in information, but if they are highly correlated we need not
consider both of them. To this end, in order to search for

possible correlations, we consider features jointly as elements of

vectors. To this end: [7’/ g ‘0@; ,J o~ /,_4, i I Rl

4 u)ﬁ@ r‘j(f’()//
_» Discard poor in mformatlon features by means of a statistical
Uu i_/test%/)) (//()’/J).o)ldé /(ﬁ_&,uorwgm G, @ 75|/' AY =R

(9) G e A R ( hi r
> Choose the maximum number, 7, of fea S to be used. This
is dictated by the specific problem (e.g., the Jnum , of

available training patterns and the type of thfefésg iet to be
adopted). .

31



» Combine remaining features to search for the “best”

combination. To this end: D Sy 2, o ~‘AJ0J&/(, S

//UX Choear i
e Use different feature combinations to form the feature
vector. Train the classifier, and choose the combination
resulting in the best classifier performance.

A major disadvantage of this approach is the high
complexity. Also, local minima, may glve misleading

results. IS0 e aﬂf@,u/\wc

o * Adopt a class separability measure and choose the best

~?/*%: feature combinatioh against this }g)ost G QWO LTIyt @f’;

4 9=5
A QA0 Q)u u(svl - 3
2 "”Tp",jdﬁjlf Sw_S, U Uﬁ/\‘,w f’/ }bC u@»ﬁ it
win 3 Ses s f ¥ A 7(7 _pr/‘/ )(,,,Ja[,
Ton1M LEG//;; L' U‘/(fa) Lo

[l =T
260 - v
32



» Class separability measures: Let X be the current feature
combination vector.

V& e Divergence. To see the rationale behind this cost, consider
2?2 the two — class case. Obviously, if on the average the

ik v p(X| @) .
value of In o] )IS close to zero, then X should be a
Al D
poor feature combzlnatlon. Define: plu % > plwrl %)
~+00 P(Ol.h 28
X )
D, = Jp()_(la)l)ln p(_la')-‘l)d)_( P (wy] V) >
})’ —0 > p()_(|a)2) e P, %A ; Y
J
o0 Py} %)
X| @
- Dy = jp(l(|w2)|n P(x| 32)d)_(
» —00 3 p )_(lafl)
d12 =D, +D,,

~ Wl

S S AT G
) sz G2 1S known as the divergence and can be used as a
07 class separability measure. 33



— For the multi-class case, define d;; for every pair of

, N classes w, o and the average divergence is defined as
; \/)\(c)\\\”
(3 AXY O Tk M M
~E Lo A= ZZ P(w)P(w;)d;
i=1 j=1
— Some properties: ©Pek lebler g iy
d; =20
d; =0, Ifi1=]
O; = dji

—Large values of d are indicative of good feature

combination. 5 A vk T Xk

34
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FIGURE 5.4
Gaussian pdfs with the same mean and different variances.
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» Scatter Matrices. These are used as a measure of the way
6‘0'%’ data are scattered in the respective feature space. VA L

- = = o, J /, ' a)"' =3 , )
A Within-class scatter matrix SEG o) PG @0 011,
/ ~ =
(fmou»)w\/,ufw

where - e
and

n; the number of training samples in .

el e >, Trace {S,,} is a measure of the average variance of the
features, over all classes.

g
Aprn \‘\Q\\ ;3;(1)) Ipdho\ 2 =



e Between-class scatter matrix
v
05 Y

Trace {S,} is a measure of the average distance of the
mean of each class from the respective global one.

O < O- o IR : =
gl oI oﬁ?wfr FUR R 5I it Dy, )
e Mixture scatter matrix

s Mg CE|x-p Jx— g T

It turns out that: TS
\ Sm ~ Sw 'd Sb (

40



> Measures based on Scatter Matrices.
M= Trace(S,_! 1
' Trace{S,}V

_ IS4l
S

‘J 2 s SW_lsm

"
e J, = Trace{SW‘lsm}

e Other criteria are also possible, by using various
combinations of S, S, S,

The above J,, J,, J; criteria take high values for the cases
where:

e Data are clustered together within each class.
e The means of the various classes are far. 41
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e Fisher’s discriminant ratio. In one dimension and for two
equiprobable classes the determinants become:

2 2
oo, +0,

S| oc (21, — 11, )

and X
‘Sb‘ d (:U ﬂz) LFQ,Q 4“
S.,| oi+o;

known as Fischer’s ratio.

Qﬂ BRALY

FOR, - Y T 6”+6“

D of')

42



12

12

12




WSy B 7

= " o, / 75 Y% OQ; T
.Y"‘?fg/”/\)/)/ Lo (“)/@567 fo)/"_‘/J, C (k) /(,‘L Lk LB 3&::'_55) -‘—/UN' E_ii
y R % o
w)'/f Udl (/)a,b/cj),},v C()g) ‘))Wﬂ U_j*-@’ C/”C-A (/,
c(k) = rin i, .-N»on'm:f
)o} '

Wor57[ cose C/%;SJ_ 5 }u,/u;blf7u;&?

— = 07,_ &,‘ —_——

‘D/Lj/ —J Z;/J", 3 Q"J/'

R -
) 2 g)u///d?/»beyw@ 77 Corre lation Muju/)fo)cﬂ/ <
xnk 5 J s )7\").'-,/\/
k: )7\),.‘.,)’7’1 ¥ 5
iz ’ ] . 613 A
s LR e L 751¢)
n=) i

: (e Sal  [frE ~
Cross Ooﬁ’f/aé " GD@%)Z)O)OQJ J{"'P /J,} i"“;u i%fn} 44



&
d/tw Mu”} P €y uv//«w/

09', = “ = >
Ky {iydw@; [@W Oy un

) BTN Il 1!

YJJ\VJ"H c ))mum/oz,,, ,rJf_,«/J,; — e pin rwd\_/w

e 0 () S s ]

—_—A -

% o 6% /”’U' LS

: : -~ @ . |

)7(7') g{”"/,\./ﬁ_of'w f} /‘dc/l/(llro Q’Juﬂ\é_.?s:,:ro ‘F)dc:*m/d)/'
T ; Wg SR 1
;—-‘r“' )’ (j’/ f} - rtrff-/(f UJLQ_D(“ (CD("Yl-l)

2
rv)*)/d‘vdv’(//«/‘” ’%’I’ Sny =

'y mx g o R
o) 2 Q‘%uj; o oy P
iyt e ¢ AN
S f’.J/”/C},’U"“ =N e /_Uwrv%“f/‘%dﬂr))q;ﬁiWﬂjzadonif-"f}o’f”

K '/\-/‘6,_:’)

)]
')kzw‘j"'\;x %"\)\C(})'%f_‘ﬁyg‘} =g 2% :/Q ’xjk d//. i

=) or j#-)r)r‘s)p\l,“')k—) >



W aal o R
S C/\)j/“wu[‘/d /b) d(_@ﬂ_/}c'o x_')l)\)/t_/’

S
i =) B s %o{ G ;L)-rdrCr})— Zﬂr}>

dJJJ\JUL' )

?)ﬁ},)u 2 2

ok
O S LT L6 U5 S A TR I ywawge/r-/é’,o//_

(YJfJUV)M@f///J M\SWU}"/N /’7 T/{U‘yé)u)uf»?

46



SIS IATIAS P NI S E S s D2, o

.

52/)90/974)?’\0&/6 SCO\/C/'LO} TJMW}UQ)’ . 13 Lo s3I
)
(U’}w‘) -——/“'"cr")/ Q’“’}v ~_J(f"/
acwm&w& Badknard  Selockion

&, ,
\——-/Lbk.) )_J (p))) ‘,J"' %9) )“/)})/(-«9)/)(/;, m )*'“MS(}&/
X3RN HNY s AT
= fonxr;%r,’ﬁrlj)/ﬂf// me;;"»@}@,) CO’%J/»U/&? o,

MRy eV, Ot m g (e, m AT T
('-y\\',?\(‘,%[\' 29//*)dj~/~“7/¢;7 )""5(/\—*"/\7// (/,»,»/(/-—

V’(l‘ UN‘))C/(’JI"))\M"J/"/L‘—”S‘))JV)/fw)ﬂ/))f/(’}uljrbsf)djfjuw
w/vw' Vx.»«rMJﬂ"

¥ e %
MMone) o {noone) , Y?‘\',)’\V‘\ Q}//« d)__,.}\ﬁ,_/ 6,/5-1/‘9}/( > A -

/j/’;)))({)))/ \-7\\,7[\\‘/\ )M r"’f/\‘ LfVH /jmu/v‘/ /QJJ—<‘—/J j/f 47



—

A= i 0 i o, e ) oy TS 5
515 Sy oy Amaiim g ()
é@qvw@w&K Forrmard Sel ccfia (o) 000 (ZF ]
erf w\\)zc, Jﬂ/ rvlif,_/uu»zm,pum,,au .

Y%\o%\:\ V"‘\,%\"\ 7\ Benl Z] j\b 9//‘ A, L/L*C-/ oV (fu,)Jw_,VS/fd// -

Dh?')kﬂ W NJVUV”//C/“))MA U/\/CJ ,ojuj(*—/‘/‘ ///(/44
I Lo 20 Qo
U g9 (9N =S o,

;rjo)(&/«‘.ﬁ/ /j (J(LQJWA?/) ()1
‘_A..JS (;;J /Q!’

E)OLCRWOW( UDJ/V O.My m o, //Q 5«

j:ovwwok (f/}j,w,(,

48



% Ways to combine features:

Trying to form all possible combinations of ¢ features from an
original set of m selected features is a computationally hard task.
Thus, a number of suboptimal searching techniques have been
derived.

» Sequential backward selection. Let x;, x,, x;, x, the available
features (m=4). The procedure consists of the following steps:

e Adopt a class separability criterion (could also be the error
rate of the respective classifier). Compute its value for ALL
features considered jointly [X;, X5, X3, X,]".

e Eliminate one feature and for each of the possible resulting
combinations, that is [x;, X,, X5]T, [Xy, X5, X1, [X1, X3, X017y [X5,
X3, X,]', compute the class reparability criterion value C.
Select the best combination, say [xy, X,, X;]".

49



e From the above selected feature vector eliminate one
feature and for each of the resulting combinations, [X., X,],

- [X., %] compute [%, X;]" and C select the best
comblnatlon

The above selection procedure shows how one can start from M
features and end up with the “best” / ones. Obviously, the
choice is suboptimal. The number of required calculations is:

+%«m+Dm—KW+D)

In contrast, a full search requires:

m) m!
(fj_fmn—@!

operations.
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» Sequential forward selection. Here the reverse procedure is
followed.

e Compute C for each feature. Select the “best” one, say x,

e For all possible 2D combinations of x,, i.e., [X;, X,], [X{, Xsl,
[, X,] compute C and choose the best, say [x,, x].

e For all possible 3D combinations of [x;, Xs], e.g.
[X;, X3, X,], €tc., compute C and choose the best one.

The above procedure is repeated till the “best” vector with ¢
features has been formed. This is also a suboptimal
technique, requiring:

Y (/-1)

/m
operations. 2
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» Floating Search Methods

The above two procedures suffer from the nesting effect.
Once a bad choice has been done, there is no way to
reconsider it in the following steps.

In the floating search methods one is given the opportunity in
reconsidering a previously discarded feature or to discard a
feature that was previously chosen.

The method is still suboptimal, however it leads to improved
performance, at the expense of complexity.
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e Besides suboptimal techniques, some optimal searching
techniques can also be used, provided that the optimizing
cost has certain properties, e.g., monotonic.

e Instead of using a class separability measure (filter
techniques) or wusing directly the classifier (wrapper
techniques), one can modify the cost function of the
classifier appropriately, so that to perform feature selection
and classifier design in a single step (embedded) method.

e For the choice of the separability measure a multiplicity of
costs have been proposed, including information theoretic
costs.
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10

LDA: Linear Discriminant Analysis
2 Classes
2 Feature to 1 Feature
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